We consider random Fibonacci sequences given by x n+1 = ±βx n + x n−1 . Viswanath ([4]), following Furstenberg ([2]) showed that when β = 1, lim n→∞ |x n | 1/n = 1.13 . . . , but his proof involves the use of floating point computer calculations. We give a completely elementary proof that 1.25577 ≥ (E(|x n |)) 1/n ≥ 1.12095 where E(|x n |) is the expected value for the absolute value of the nth term in a random Fibonacci sequence. We compute this expected value using recurrence relations which bound the sum of all possible nth terms for such sequences. In addition, we give upper an lower bounds for the second moment of the |x n |. Finally, we consider the conjecture of Embree and Trefethen ([1]), derived using computational calculations, that for values of β < 0.702585 such sequences decay. We show that as β decreases, the critical value where growth can change to decay is in fact 1 √ 2 .
to nothing more than a reversal of the orientation of the leaves (which is addition and which subtraction). We will develop recursive formulas for the sum of the absolute values of the entries in a row in terms of the sums of the previous three rows -the reorientation will allow us to assume that the values in our initial two rows are positive. The expected value E(|x n |) can then be bounded since it is simply the sum of the nth row divided by 2 n .
We begin by considering half of the leaves below a given entry a in the tree (see Figure 1 ).
Half the tree below a a has two children and there are two possibilities for each, either b ≥ a or b < a . It is clearly impossible that both children can be less than the parent. We consider the sum of the last row in each case individually, and then combine them in possible combinations.
If b ≥ a, then c = b − a -note that c might be zero, but this will not affect the validity of the calculations. The sum of the absolute values in the last row is then
If a > b, then c = a − b. The sum of the absolute values in the third row is now |2b − a| + b + c + a + b + d. If 2b ≥ a, this comes out to (2) d + c + 4b, while if 2b < a, then we get
There are three possible pairings of "halves of trees" which can occur. We wish to develop recurrence relations for the sum of the third row, involving the sum of the zeroth, first, and second rows in each of these three cases. We do this using (1), (2), and (3). Since we now need to account for the entire tree below a, there will be two of each letter after a, differentiated with subscripts.
In the first case, both b 1 ≥ a and b 2 ≥ a. In this case, the sum of the last row is given by two copies of (1), and we have (4)
Now, the sum of the zeroth row is just a, the first row b 1 +b 2 , and the second row
is the sum of the nth row, we have the recurrence relation
The next two cases occur if one of the b i is at least a, and the other is smaller. In this case, half of the sum of the third row is given by (1) . Clearly it does not matter which child of a we assume is the larger one, so assume it is b 1 . If 2b 2 ≥ a, then the other half of the sum of the third row will be given by (2), and we get for this sum
In this case we do not get an exact recurrence relation, but we do get relations which give upper and lower bounds.
gives an upper bound for the sum of the third row. If, instead, we simply change 4b 2 to 2b 2 in (6), we see that the relation
gives a lower bound for the sum of the third row. Finally, if 2b 2 < a, the sum of the third row is given by (1) and (3), and we have
gives a lower bound for the sum of the nth row. On the other hand, 2b 1 ≤ 2b 1 + 2b 2 , and the relation
gives an upper bound for the sum of the third row in this case. We now have five recurrence relations governing the growth of the sum of the rows in our tree, and thus the sum of the values of the absolute values of the nth term in a random Fibonacci sequence. We can solve these relations, and the one with the largest growth rate will give an upper bound on the growth of this sum, and the smallest will give a lower bound. Dividing by 2 n , the number of entries in the row (and thus the number of possible values of the nth term in a random Fibonacci sequence), we get upper and lower bounds on the expected value of these terms.
Using standard techniques for solving the relations (5), (7), (8), (10), (11), we get solutions based on the roots of various cubics, listed in Table  1 below. Note that the growth factor for the mean of rows is given by the real root of the related polynomial divided by 2, to account for the doubling in the number of entries in each row. Also, the second and fifth lines in the table can only be upper bounds, and the third and fourth only lower. We expect the actual growth rate to be some combination of the cases.
Relation
Related Polynomial Approximate Growth Factor
Using the largest growth factor as an upper bound, and the smallest as a lower, we get Theorem 0.1.
To determine bounds for the variance, we need to consider the sum of the squares of a given row (the second raw moment µ ′ 2 ), which we label SS[n]. This is considerably easier. If we consider starting again with some entry a, with children b 1 and b 2 , then the grandchildren of a will have absolute values
Squaring eliminates all the cross terms, and we just get a sum of squares of 4a 2 + 2b 2 1 + 2b 2 2 , which is four times the sum of the squares of the first row plus twice the sum of squares of the second. The recurrence relation
gives a growth factor for µ ′ 2 of 1 + √ 5. Now, the variance is given by µ 2 = −µ ′2 1 + µ ′ 2 and we have upper and lower bounds on µ ′ 1 using the growth factors in Table 1 . In either case, as n → ∞, the contribution from the µ ′2 1 disappears. This gives Theorem 0.2. lim n→∞ (µ 2 |x n |)
Finally, if we generalize the allowable sequences by allowing multiplication by a factor β, we get a modified version of Figure 1 , shown in Figure  2 . There are two possible sums for the absolute values of the bottom row,
Half the tree below a when a multiplicative constant is included.
depending on the sign in the absolute value on the left in the previous row,
There are now various possibilities for these sums, depending on whether the number in either or both absolute values is negative. This gives six possible sums, listed with the conditions which generate them and the restrictions they impose in Table 2 .
Conditions
Restrictions Sum
Note that if one combines these half sums, a number of combinations are impossible because of the conditions for such a sum to occur. It is possible that both children of a will satisfy one set of conditions, thus combinations do include some use of the same row twice. Because of the subtraction, the sixth row must be involved if the expected value is to decay exponentially, and this means that exponential decay can only occur if the condition for this is satisfied, namely if
One would not expect decay to begin immediately as β crosses this value, since the growth or decay rate will be a combination of various possible relations.
We show graphs for some other possible growth factors for values of β between 0 and 1 in Figure 3 . If, instead, one fixes a row index n, it is clear that the expected value of the sum of the nth row does not depend smoothly on β, although one needs to "zoom in" quite far to see this for any reasonable large values of n ( Figure 4 ). It seems possible that further investigation of the probability for each row to occur might allow for a deeper understanding of such scaled random FIbonacci sequences. 
